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I. INTRODUCTION
A potentially powerful method for predicting and describing
turbulent flow fields is that of utilizing a finite number of moments
of the instantaneous Navier-Stokes equations. This sequence of
moment equations is closed by theoretical modelling of the unknown
correlations at the closure moment level. The use of an eddy viscosity
which is "closed" in terms of the mean velocity gradient represents
a familiar first order closure. A wide variety of turbulent flow
fields are currently under investigation including boundary layers,
shear layers, vortices, and wakes. Surveys of the general methods
utilizing various closure models may be found in Reynolds 11], Mellor
and Herring [2], and Donaldson [3].
The field equations for the turbulent flow which result from
these moment equations are generally lengthy, simultaneous, non-linear
partial differential equations of the initial value class. Very
little attention has been given to the mathematical structure of
these non-linear systems and to the development of accurate numerical
methods for their solution. In many flows of interest, diffusion
processes are always present in sufficient strength to give the equa-
tions a strong parabolic character. Most workers have therefore adop-
ted fully implicit difference operators for the spatial derivitives
and have then utilized iterative methods for solving the non-linear
implicit equations. These fully implicit operators are apparently
selected because of the unconditional stability which such operators
provide for linear systems.
-2-
In many highly non-equilibrium turbulent flows, the convective,
production, and turbulent decay processes are stronger than the dif-
fusive processes. In such situations the iterative techniques become
slow in convergence or may not converge at all. In addition, fully
implicit difference operators are only first order accurate and
require a fine mesh spacing to properly resolve the structure of the
flow.
In the present work we offer a new class of second order accurate
non-linear difference operators which are consistent, unconditionally
stable (in the extended sense for the non-linear system discussed
below), and which do not require iterative techniques for the solution
of non-linear implicit equations. Hence these operators are highly
efficient. We begin in Part II by discussing simple non-linear dif-
fusion and convections equations and their possible difference opera-
tors. In Part III we examine a more complex non-linear diffusion
equation which is representative of that which arises in mixing length
closure models. It is here that the essential feature of the difference
operator proposed in this work is presented. In Part IV we turn atten-
tion directly to the turbulent field equation models currently under
investigation. Here we summarize these equations in a single arche-
typal form and we present the archetypal form of the difference
operator for their solution.
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II. LINEAR IMPLICIT STRUCTURING FOR
QUASI-LINEAR EQUATIONS
Let us begin by considering the simple diffusion equation
23E = V a u (2.1)
at ay2
When the diffusion coefficient is independent of u, y, and t, Eq. (2.1)
is a simple linear constant coefficient diffusion equation. A very
accurate, consistent, and unconditionally stable difference operator
of second order accuracy for Eq. (2.1) is the Crank-Nicholson operator.
n
Denoting u(y,t) as ui where t = n6t and y = j6y with 6t, 6y constant
increments, this operator is
un+l = un + VSt 2 (u +u
u 2 y 2 (2.2)Sy
where A2 is the second order accurate second difference operator:
y
2
A $ (y) = j(y + 6y) + $(y- 6y) - 2(y) (2.3)
y
The Crank-Nicholson operator (2.2) is implicit; however, there exists
a rapid Gaussian elimination algorithm [4] for the solution of this
simple implicit system. This rapid solution algorithm depends upon
the linearity of Eq. (2.1) and in the particular structure generated
2
by the three point operator A .
y
A simple non-linear version of Eq. (2.1) is
2
= v (u,y) 9- + F (u,y) (2.4)
2y
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This diffusion equation possesses non-linearity arising from the
dependence of the diffusion coefficient on the state u as well as
a possible non-linear source term f (u,y). Nevertheless, Eq. (2.4)
is quasi-linear since it is linear in all derivatives. A straight-
forward application of the Crank-Nicholson methodology leads to the
difference operator
n+l n St A 2  n nU + { v (un,y) y u + (u ,y)
6y 2 (2.5)
2
n+l A2 n+l n+l
+ v (u ,y)_yu +4b(u ,y)I}
6y2
The non-linear difference operator (2.5) can be shown to be second
order accurate and consistent. The linearized form of Eq. (2.5) can
also be shown to be stable in the sense that the growth rate r of any
Fourier component of u obeys the inequality
Irl : 1 + 0 (6t)
The operator (2.5) would be a suitable difference operator for the
non-linear diffusion equation (2.4) except for one serious defect:
the non-linear implicit equations cannot be readily solved.
A strategy of soultion of the implicit system contained in (2.5)
is the use of iteration coupled with linear Gaussian elimination as
th n+l (k)
was done with Eq. (2.3). Denote the k iterate to u as u and
u (k) as the estimate of unl obtained from Ck)u by some appropriate
estimating process:
u (k) E((k-1) u9 (k-2)
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Equation (2.5) is then structured as
2
Ck) =n + {vuny) un + CunY)
(2.6)
A2
(k) y (k)u + (k)+ V(u vy 2 1C (u k jy)I
dSy
Given a guess for the state (k-)u u, ... , Eq. (2.6) is linear in
the iterate (k) u and may be solved for using the rapid Gaussian elimi-
nation algorithm at each iterative stage. A suitable starting value for
(0) (-1) nU, u, ... is the previous t step value un. Iterations are
carried out for k = 1, 2,... until the change in (k)u satisfies some
n+l
error bound. This value is accepted as the value u . There is no
general guarantee of convergence of the iterative process although it
appears to work for a variety of turbulent viscous flow equations. [5,6]
Although the foregoing illustration was presented for the non-
linear diffusive equation, it follows equally well for the non-linear
convective equation
= -a(uy) + f(uy) (2.7)
St 6y
where a is a non-linear convection velocity. The corresponding uncon-
ditionally stable second order difference operator is
n+l n St n _ n nu u - [a(u y) _ u +(u ,y)y (2.8)
n+ly_ n+l n+
+ a(u ,y) u + F(u ,y)]
where A is the second order accurate centered first difference operator:
y
A0  (y) = [$(y + 6y) - 4(y -6y)]/ 2
y
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It is our purpose in this work to develop accurate, consistent,
convergent difference operators for combined convective, diffusive
differential equations describing turbulent flow fields. These
operators should also be efficient so that iterative methods of
solution as required in Eqs. (2.5) and (2.8) are to be avoided.
Because of the strong role of diffusive effects in turbulent flow
fields, we will consider difference operators which take their form
from the Crank-Nicholson operator and are therefore implicit.
Devices for achieving a locally linear implicit scheme which pre-
serves the order of accuracy of the difference operator while avoiding
the iterative method of solution will be a principal result of what
follows.
We now propose a second order accurate, consistent, non-
iterative operator for the quasi-linear Equation (2.4). As a prelude,
note that the sample Crank-Nicholson operator for Eq. (2.1) may be
formally executed in two steps as
* n 6t 2 n
u =u + - A u (2.9a)
Sy2 y
n+l 1 n * 6t 2 n+l
u =-1u + u + -- A u ] (2.9b)
2 6y 2 y
In this two step version the first step is explicit (in u ) while the
second step is implicit (in u n+1). Elimination of the intermediate
variable u between Eq. (2.9a) and (2.9b) reveals the identity of the
Crank-Nicholson operator.
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Now consider the following two step operator for Eq. (2.4):
A2* =n + ~ n A  n n t
6tv(uu + tF(u ,y) (2.10a)
6y
A2
n+1 1 n * * __ n+1 *
u = [u + u + 6tv(u ,y) 2 u + ftF(u ,y)] (2.10b)
6y
The difference operator (2.9a) is a consistent difference approxima-
tion to Eq. (2.4). It is second order accurate. In the case where v
and ; are constants, it reduces to the simple Crank-Nicholson operator.
The general second order accuracy can be readily seen by re-writing
(2.10b) as
A2
u n1= 1 [u n+ u *+ 6tv(u , y) 2u *+ f-(u ,y)]
2 6y 2
+ * _t__ n+l * (2.11)
2 V(u ,y) 2 (u - u )
6y
n+l *
If the second term on the right-hand side of Eq. (2.11) in (u - u )
is neglected, then the system (2.10) is a two-step Runge-Kutta pro-
cedure for Eq. (2.4) and is clearly second order accurate. The entire
scheme corresponding to all terms in Eq. (2.11) or (2.10b) will be
second order accurate if the term
A2
6t * _y n+l *
V(u ,y) 62( - )
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can be shown to be of third order. Utilizing (2.10a), we have
Un+1 -u =un+1 -
Taylor's series expanding u
A2
un J 6tv(u ,y) un + ctj Cun,y)]
Sy
n+1
n~l n u 1 a2 u
un+ - un 6 t + a t2 + ..
at 2 2at
, we have
- at [v 32 + 0 (6x2) + -]
Using the differential equation (2.4) itself, Eq. (2.13) reduces to
2
n+1 n 13 2u 2 2
u - u = la 2t + (6t6x) (2.14)
at
Inserting the result (2.14) into Eq. (2.11), the term in question is
indeed shown to be of third order.
In contrast to Eq. (2.5), Eq. (2.10) is linear in un+l and may be
solved without iteration. Equation (2.10) therefore possesses all the
significant properties of Eq. (2.5) -- it is second order accurate,
consistent, and linearly stable -- but in addition, it is linear in the
n+limplicit variable u.
(2.12)
(2.13)
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III. LINEAR IMPLICIT STRUCTURING FOR
NON-LINEAR EQUATIONS
We now turn our attention to a deeper non-linear diffusion
equation
= a (u) a v(u ,y) au (3.1)
where the capacitance coefficient X is a function only of u and y but
not of derivitives of u. The transport coefficient v however is a
function of the first derivitive u a =u/ay. Such a dependence arises,
y
for example, in the turbulent shear stress closure based upon mixing
length models. It is this non-linearity upon which we now wish to
focus. Expanding Eq. (3.1) we obtain
au = XV a 2 u + a 3v au a 2 u 3.2)
at Dy2 au y yy 2
A typical dependence of v upon u yis a linear dependence of the form
E y
where Z is a characteristic mixing length. For such a dependence,
Eq. (2.2) becomes
2
au 2X(u,y) L2 Du D u (3.3)
at c Dy a2
We note that in contrast to Eq. (2.4) which was linear in the derivitives
of u, Eq. (3.3) is bi-linear in the y derivitives of u.
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The Crank-Nicholson operator may be applied directly to Eq. (3.3)
in a manner analagous to Eq. C2.5) however the same problems which
arose with the non-linear implicit equations would also arise here.
Iteration would once again be required with no guarantee of conver-
gence. The technique of linear implicit structuring used in Eq. (2.10)
may also be applied here. That method will yield second order accuracy,
consistency, and linear implicit equations in un+l which will not
require iteration; however the unconditional stability which the opera-
tor in Eq. (2.10) possesses will not prevail in this case. Let us see
why. Quasi-linear implicit structuring applied to Eq. (3.3) leads to
U = un + .L 2X (uny) 2 Ao un) 2 un) (3.4a)3 E y y
n+l 1 un + u* St 2(u* 2 O * 2 n+l
u = - [ u+u+ - 2Au,y) 1 (A u )(A u )] (3.4b)2 Y3 e y y
or
n+l 1 n + u* 6t 2(* 2 o n+1 2 *
u =-[ u+ + --- 2i ,y) 7. (A u )(A u )] (3.4c)2 63 E y y6yyy
Note that there is a choice in (3.4b) and (3.4c) of giving either
derivitive (but not both) the implicit treatment. The operator (3.4)
is clearly second order accurate but only one of the y derivitives can
be made implicit (the second derivitive in Eq. (3.4b) and the first deri-
vitive in Eq. (3.4c)). Thus the operator in the form of Eq. (3.4b)
is actually explicit in the first derivitive while the operator (3.4c)
is explicit in the second derivitive.
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One expects the explicit stability conditions for first derivitives
(Courant condition) and second derivitives to hold in the forms:
for Eq. (3.4b): 2
'St 22
&y a 2
for Eq. (3.4c): St: 2 u 1
&y2 e ay 2
These conditions may be exceedingly restrictive in turbulent flow
problems with large velocity gradients.
We now propose an operator for Eq. (3.3) which provides
implicit treatment for both derivitives:
U = n + I 6t 2ACuny) 12 A Un 2 un (3.5a)2S~ &Y3y y
n+l n 1 6t *u 2 n n+l o n+1 2 nu -U + 2 3Y 2X(u ,y) le 1A u, A u + A u A u ](3.5b)
'y y y y y
Equation (3.5a) is an explicit "predictor" step which provides a first
n+l*
order accurate estimate of the function u+. This estimate u is then
used in the coefficient non-linearity X(u,y) to provide second order
accuracy in the final step. In the second step the two derivitives are
alternately treated implicitly and the final result is taken as the
mean of the two. Taylor's series expansion and substitution from the
differential equation itself shows the operator (3.5) to be second order
accurate.
Equation (3.3) is a particular case of the general bi-linear
equation:
- = X(u,y) L (u)-L2 (u) (3.6)
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where Li, L 2 are general linear differential operators and X(u,y)
is a coefficient dependent upon u but independent of derivitives of u.
The corresponding general bi-linear difference operator proposed
is then
u= un + 6tX(un y) L(Un) L2 (un) (3.7a)
n+l n 1 *n+l n n+l
u n = n+ - 6tx(u ,y) IL(n ) L2(2u) + L1(U ) L2(n ) (3.7b)
Equations (3.7) are consistent and represent a second order accurate
approximation to Eq. (3.6), provided Ll, L2 are space differenced to
second order accuracy. The linearized version of Eqs. (3.7) is uncon-
ditionally stable in the sense that the Fourier growth rates r satisfy
Ir < 1 + o(ft). Both Eq. (3.7a) and (3.7b) are implicit but they are
linear in the implicit variables and hence are soluble by rapid Gaussian
elimination.
Equations (3.7) embody the principal result of this work: coeffi-
cient and source non-linearities such as X(u,y) and -(u,y) are treated
with "predictor" structuring while products of derivitives are treated
by alternating the implicit variables in the two parts of the Crank-
Nicholson operator. We shall now turn to the application of this method
to the general turbulent field equations, but first we sketch the
extension of the method to non-linear differential equations where the
non-linearity is in the form of a product of linear differential
operators.
Generalization to the general "product" non-linear equation
au m
-- = X(u) H L.(u) (3.8)
at i=l1
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where the L. are linear differential operators is straightforward.
If there are m linear operators in the product, m parts are required.
The first step is
U u + StA(u H L (u (3.9a)
u u 2 ~ 1 (un)
The final step is
n+l n 1 * m.-n+
u = u + - dtx(u ) E {j L (un)] L (u n+l} (3.9b)
m k=l ik i k
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IV. APPLICATION TO TURBULENT FIELD THEORY
A large class of turbulent field equations describing nearly
incompressible flows and closed at the second order correlation level
can be summarized in the following archetypal form. Let w (i=1,2,...)
be a vector of the fluid variables describing a turbulent field, e.g.,
the mean velocity, the mean Reynolds stress, fluctuating velocity tem-
perature correlations, etc.. Let x be a coordinate variable in the
direction of the flow and u the mean velocity in that direction.
Let y be a transverse coordinate to the flow. The turbulent field
equations governing w (x,y) are then
23w. 3w. aw. aw a 2W.
u x = y.(w) 2+ . (w) J k + X (w 3iJx 3y ijk y ay ij 32
2 (4.1)
3w. 3 w
+ a (W) 3- a w'k+ J.(w'x'y)(4 
1
ijk ay y2  1
The tensors y, , A, a and the vector : are functions of w, x, and y
but not derivitives of w. Let us illustrate the general form (4.1)
with some special cases.
In the simplest case of shear or boundary layers with mixing
length closure models utilizing laminar diffusivity v and eddy diffu-
sivity v , the state vector w. becomes a scalar whose single com-
ponent is the axial velocity u. If the eddy diffusivity has the form
v = i2 (yu (4.2)
where 1 is the mixing length which is assumed to depend only upon y,
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then y becomes a scalar y = v where v is the transverse velocity
component. The velocity v is determined from the axial velocity u
and the continuity equation. The tensors B, A, o and the vector P
also become scalars:
at 2
312
1 dpw.
p dx
In the case of a field model utilizing the mean axial momentum
equation and the turbulent kinetic energy equation, the vector w. is
a two-vector:
u
w.i= [q,2
22
where q 2/2 is the turbulent kinetic energy. For the turbulent kinetic
energy equation in the boundary layer approximation given by Mellor
and Herring [7] the tensors y, a, A, a, are:
v + qg1 0
0 v + ql2 + 5/3 q13
01 l/q ~ 0
112 =10 6 2= 21 1 122
S12 + 5/3 13
211 q a 212 = 6221 = 0 222 q
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-v 0
0 -v.
S=0
1 dp1
P dx
.- q /A J
The parameters 1 , 2' 3 A are the usual length scale parameters.
The archetypal form Eq. (4.1) embraces the general model equations
for the mean momentum and mean Reynolds stress equations of Mellor
and Herring [8], Donaldson 19.], and the temperature-velocity correla-
tions in the model of Donaldson[10] and Lewellen [11].
The difference operator proposed in this work and exemplified in
Eq. (3.7) may be applied to the general field equation (4.1). The
difference operator for the system (4.1) is
1 st step: (solve for w)
n* n = 6 x n A0
un w -W) - y wn YWn+ (. yn n yn
W 3- 2 ij 6y i ijk 6y J6y k
(4.3a)
A2  0 2
+ .) "+ .. (+)- -+y (
+ J ( 6y 2 w j i k w 6y w j 6 2 w k + i w
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nd n+12 step: (solve for w )+L
* n+1 n 6x * + ni~ 2 1 y j W.u (w - ) -2- w + + n+1 n
ijk 6y J y wk 6y j 6y k
A2  n+l n 
(4.3b)
+ X (w) 2  (w + w)
6y
A2  A 0  A2
+ a ( n+1 n+ijk ay 2 wk Sy j 2 wk i
Equations (4.3) are consistent second order accurate difference
approximations to the turbulent field equations which are unconditionally
stable and linear in implicit variables.
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